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EXECUTIVE SUMMARY 

This paper presents a novel mixed-integer second-order cone programming (MISOCP) model 

that aims to optimize the placement of BEB on-route charging infrastructure. The objective is to 

minimize the planning and operation costs associated with the fleet electrification process in 

South King County, considering both the transportation and power systems. Additionally, we 

emphasize the importance of equity in the planning stage by incorporating fairness 

measurements, ensuring both horizontal and vertical equity. This research makes two primary 

contributions: 

1) To address the potential challenge of BEB charging infrastructure on the power system 

effectively, we have implemented a coupled networks approach that integrates the local 

power grid and the bus networks into our planning model. Using South King County as a 

representative example, our proposed generic framework focuses on establishing a virtual 

power grid based on the under-planning bus network. By strategically deploying on-route 

charging stations at bus stops via solving the planning model, we establish coupling 

relationships between transportation nodes and power grid nodes, effectively integrating 

the two systems in the planning outcome. 

2) To ensure equity in fleet electrification, we incorporate Jain's index as a fairness metric in 

our planning model for BEB charging infrastructure. In South King County, we aggregate 

census tracts based on both population and bus-commuter features, creating distinct 

subareas. By imposing a fairness constraint that ensures the desired level of Jain's index 

in these subareas, we promote equity in the planning results. The planning outcomes in 

the population-based subareas exhibit horizontal equity, ensuring an equal distribution of 

resources among all individuals. Conversely, the planning outcomes in the bus-

commuter-based subareas demonstrate vertical equity, aiming for a fair allocation within 

the bus-commuter group. 

 

 

 

  



 

 

7 

 

1. Introduction 

With a 27% contribution to greenhouse gas emissions in 2020, the transportation system is the 

biggest economic sector that consumes fossil fuels [1]. To reduce the exhaust gas emissions of 

public transportation, the concept of electromobility, involving the adoption of electric vehicles 

(EVs) for transportation purposes, is rapidly being embraced by public transportation authorities. 

When it comes to bus systems, electromobility offers substantial advantages in terms of 

decreased operating and maintenance costs, increased energy efficiency, improved reliability, 

and reduced air and noise pollution [2]. 

Over recent decades, the global implementation of bus fleet electrification has emerged as a 

prominent and noteworthy trend. Notably, Shenzhen in China became the world's first city to 

fully electrify its public transit bus fleet in 2018, marking a historic achievement [3]. In Europe, 

the nations of the Netherlands and Luxembourg have made notable strides, with more than half 

of their registered city buses categorized as zero-emission vehicles [4]. Similarly, King County 

in Washington, USA, has positioned itself as an early adopter of electric buses and is ambitiously 

transitioning towards a completely zero-emissions fleet by 2035 [5]. With remarkable 

advancements in battery technology, battery electric buses (BEBs) are becoming increasingly 

viable and appealing options for sustainable urban mobility, thus propelling cities worldwide 

toward a cleaner and more environmentally friendly future. 

As bus agencies embrace this transition, they are driven by the dual objectives of ensuring 

economic efficiency and maintaining the service quality of their BEB fleets. Consequently, the 

optimization of charging infrastructure planning in this area becomes crucial, aiming to minimize 

investment and operation costs associated with the required charging facilities [6] as well as any 

additional costs that may arise during the electrification process. 

 

 

 

 

 

 

 

  



 

 

8 

 

2. Literature Review 

A significant body of literature suggests that bus agencies often opt to construct charging 

facilities at designated base stations. In this approach, electric buses can only be charged after 

completing one or multiple full trips [7][8], requiring them to deviate from their scheduled routes 

[9] and travel deadheading distances for the purpose of charging [10][11]This off-route charging 

strategy is typically employed during overnight and layover periods when buses are not in 

service and have sufficient time for complete battery recharge [12]. However, relying solely on 

this strategy may prove insufficient, especially in the case of King County, where the current on-

base charging facilities can only meet 70% of the bus assignments [13]. 

To bridge this energy gap, an alternative and promising direction to explore is the 

implementation of on-route charging stations. By strategically incorporating fast-charging 

facilities at on-street bus stops [14][15], BEBs can conveniently recharge during regular service 

operations. However, deploying on-route charging stations presents critical challenges that 

require attention. From an operational standpoint, limited research in BEB planning has explored 

the impact of the additional power load imposed by these on-route charging stations on the 

power grid [16]. This includes assessing power loss costs that may occur during electricity 

transmission. Furthermore, from a social perspective, the introduction of on-route charging 

stations must be approached with fairness in mind. Given that these stations can serve specific 

fixed routes [17], it becomes imperative to ensure an equitable distribution of BEB routes across 

the regional transportation network. This ensures that diverse communities can access the 

associated benefits, such as cleaner air and enhanced environmental sustainability offered by 

BEBs. 

Our proposed on-route fast-charging planning method effectively addresses the dual research 

gaps previously identified. Firstly, we prioritize the impacts on the local power grid in the 

placement of the on-route fast-charging infrastructure. To achieve this, we have developed a 

coupled power and transportation network specific to South King County. This integrated 

approach facilitates optimized planning, minimizing charging infrastructure investment and 

power system operational costs. Secondly, we recognize the limited attention given to equity in 

fleet electrification planning within the existing literature. To fill this gap, we have incorporated 

fairness measures into our planning approach to promote transit equity. Specifically, during the 

partial implementation of BEB routes in a particular region, our planning method promotes both 

horizontal and vertical transit equity by carefully selecting routes to be designated as BEB routes 

from the overall bus network. 

The integration of the power and transportation networks, along with considerations of cost 

optimization and transit equity, positions our approach as an effective and comprehensive 

solution for the planning of on-route fast charging for BEBs. Furthermore, to emphasize the 

uniqueness of our method, we thoroughly examine existing research in fleet electrification 

planning, specifically focusing on the domains of power grid interaction and transit equity. 
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2.1 Power Grid Interaction 

The successful implementation of fleet electrification necessitates a strong interconnection 

between transportation and power systems. To ensure efficient management of this interaction, 

an integrated approach that considers the coupled power and transportation network is crucial in 

charging infrastructure planning. While this approach has received limited attention in the 

context of electric bus on-route charging stations, some research has integrated the power grid 

and transportation network when planning EV charging stations. This integration can take two 

forms: coupling a transportation test case with a power system test case or coupling a real-world 

transportation network with a power system test case. The latter approach incorporates authentic 

data and conditions from a functioning transportation system, resulting in enhanced practicality. 

In the first type of coupled system, the Sioux Falls network is widely used as a transportation test 

case. For example, in a study by [18], a coupled network was created using the topology of the 

Sioux Falls network and a subset of the IEEE-118 bus system. The goal of this study was to 

allocate a specified number of charging stations for plug-in EVs. The potential locations of these 

charging stations were identified as common nodes in both the transportation and power grid 

systems. In another study by [19], the topology of the Sioux Falls network was retained for the 

transportation system, but the authors used a simplified version of the IEEE 34-bus system for 

the power grid. The authors matched the destination nodes in the transportation system with the 

corresponding buses in the power grid, but the intention behind this was unspecified. [20] builts 

a coupled system using the Sioux Falls network and the IEEE 33-bus system; nevertheless, there 

was no direct relationship between the road distances and the power line lengths in this study. 

In addition to the Sioux Falls network, other researchers have created their own transportation 

networks to build coupled systems for EV planning. For instance, [21] created a coupled system 

through the utilization of a nine-node road network and a subset of the IEEE 118-bus system. In 

this case, each link in the transportation network was connected to a particular bus in the power 

system, and the energy consumption of EVs on that link resulted in a power load on the grid. 

[22] employed a 25-node traffic network and an 11 kV 33-node distribution system to construct 

their coupled system. The authors considered the geographical positioning of the nodes and 

established a direct relationship between the nodes in the transportation and power systems, 

where the traffic nodes 1-25 overlapped with the distribution system nodes 1-25. Furthermore, 

[23] adopted a 25-node highway transportation network and designed a 14-node 110 kV high 

voltage distribution network to establish a relationship between the transportation link distance 

and the power line length within their coupled system. 

Regarding the second type of coupled system, an exemplar is a work by [9], who employed a 

real-world transportation network from the city of Shenzhen and integrated it with the virtual 

power network established by [23]. To retrieve distances within the transportation network, they 

utilized the API of Baidu Map. However, it is important to note that their studies did not account 

for the correlation between the actual road distance and the line length in the virtual power 

network. 

Building upon the second type of coupled system discussed in the literature, we propose a 

comprehensive framework that integrates a real-world transportation network with a virtual 

power system. Our framework establishes a correlation between the actual bus route distance and 
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the power line length in the coupled system, enhancing the practicality of the planning outcome. 

Unlike previous approaches, our framework is designed to be adaptable and suitable for various 

bus networks in different regions. By utilizing our generic coupled network framework, our 

objective is to address the existing research gap and provide a comprehensive solution for on-

route BEB charging infrastructure planning. 

 

2.2 Transit Equity 

Existing research has highlighted the presence of transit inequities among underserved 

communities, including people of color and low-income individuals, due to inadequate spatial 

coverage of transportation infrastructure [24][25]. Addressing and rectifying this long-standing 

spatial gap between low-income settlements and their access to transit services pose great 

challenges [26]. However, fleet electrification, being a significant transit initiative, presents an 

opportunity to address these inequities right from the planning phase. This involves strategically 

locating charging infrastructure and designing efficient routes to serve historically underserved 

areas [27]. By adopting an equitable perspective, BEB planning [28] can serve as a means to 

mitigate the discriminatory impact on socially vulnerable populations caused by transit-related 

spatial mismatch. 

The concept of transit equity encompasses two dimensions: horizontal equity, promoting equal 

treatment for all individuals [29], and vertical equity, tailoring treatments to diverse needs or 

circumstances [30]. Despite the importance of transit equity, there is a noticeable dearth of 

research that applies its principles to transportation-network-related planning [31]. [32] were the 

first to consider horizontal equity in solving the transportation network redesign problem by 

introducing a spatial equality constraint. Building upon this work, [31] combines both horizontal 

and vertical equity goals in a constraint of the transit network design problem, ensuring that the 

final configuration of the public transport service strikes the fairest compromise by considering 

both spatial distribution and social needs. 

Furthermore, in the context of electric bus planning, there is even less research that incorporates 

transit equity. The work conducted by [33] closely aligns with our research scope. They 

proposed a bi-objective model to support transit agencies in the optimal deployment of BEBs, 

taking into account capital investment and environmental equity. However, their primary focus 

lies in maximizing vertical equity in one of their objectives, which involves weighting 

disadvantaged populations based on air pollutant concentration. Notably, to the best of our 

knowledge, there have been no attempts to incorporate both horizontal and vertical equity into 

the planning problems of electric bus charging infrastructure. 

Given the limited research on the topic, it becomes necessary to draw upon metrics used in other 

domains to measure the fairness of the transit planning result. [31] employed the Gini coefficient, 

a widely used fairness metric in economics, to develop their equality constraint. Similarly, we 

have identified Jain's index, which is commonly used to measure fairness in resource allocation 

within telecommunication networks [34], as a suitable metric to characterize the distribution of 

BEB routes across a bus network in a given region. 
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3. Data Collection 

Neighborhoods in King County that are burdened with elevated air pollution levels tend to be 

home to low-income households and marginalized racial and ethnic groups [13]. This disparity is 

demonstrated in Figure 1, where the southern base areas, encompassing Renton, Burien, 

Tukwila, SeaTac, and Kent, are prominently affected. These communities have long endured 

inadequate transportation services, resulting in heightened exposure to transportation-related 

noise and air pollution. Notably, the South Base exhibits a higher number of daily service miles 

compared to other bases, indicating a greater extent of service inadequacy. Moreover, 

approximately 31% of the census blocks along South Base routes are categorized as highly 

vulnerable to the adverse impacts of air pollution [28]. 

 
Figure 1  Map of air pollution vulnerable areas and priority quintiles for 

zero-emission bus service in King County 

In order to construct a transportation network using the electric bus routes in South King County, 

we refer to Appendix C of the King County Transit report [13] and exclude the non-operational 
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bus routes. The remaining routes, including 22, 101, 102, 111, 150, 153, 156, 168, 177, 181, 182, 

183, 187, 190, and 193, are used to establish the transportation network. This network is derived 

from the general transit feed specification (GTFS) data [39]. 

The topology of the 84-node transportation network is illustrated in Figure 3 and the diagram of 

the 110-kV high voltage distribution network is shown in Figure 2. For the parameters of the 

distribution network, please refer to [43]. The resistance and reactance of each power line reflect 

the actual geographical distance between its connecting power nodes. And the coupling 

relationship between the power and transportation network nodes is summarized in Table 1. 

 
Figure 2  Representation of network topology for the 24-node distribution 

power network. 

 

 
Figure 3  Representation of network topology for the 84-Node 

transportation network. 
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In our planning problem, we consider two types of coaches for BEBs: 40-ft and 60-ft. The coach 

type for each bus route is provided in Appendix C of the King County Transit report [13]. We 

specifically utilize the 40-ft BYD K9M and 60-ft BYD K11M BEB models, which have battery 

capacities of 313 kWh and 578 kWh, respectively.  

The estimated average energy consumption per kilometer for 40-ft and 60-ft buses are 1.99 

kWh/mile and 3.74 kWh/mile, as indicated in the sources [45][46]. According to the official 

published specifications from BYD [47][48], the nominal charging powers for K9M and K11M 

electric buses are 150 kW and 200 kW, respectively. Moreover, we have set a maximum waiting 

time of 12 minutes at each station to ensure that BEBs receive timely energy support. 

 

 

Table 1  Geographically Overlapping Nodes between the Transportation 

Network and the Distribution Power Network 

Power 

Node 

Trans 

Node 
Latitude Longitude 

Powe

r 

Node 

Trans 

Node 
Latitude Longitude 

1 1 47.6167107 -122.3306 13 39 47.2959099 -122.24944 

2 7 47.545311 -122.38711 14 41 47.315258 -122.17787 

3 8 47.5168533 -122.3769 15 43 47.4843712 -122.27198 

4 10 47.5933418 -122.32896 16 46 47.4468002 -122.17017 

5 17 47.3099785 -122.36103 17 49 47.4616432 -122.14659 

6 19 47.4798775 -122.20813 18 50 47.3127861 -122.30338 

7 20 47.3871994 -122.30184 19 53 47.2948532 -122.38205 

8 21 47.3584251 -122.29468 20 55 47.3651619 -122.01903 

9 22 47.4379692 -122.32423 21 56 47.358078 -122.14958 

10 26 47.4877625 -122.14824 22 57 47.3667755 -122.10149 

11 31 47.3848267 -122.2327 23 69 47.5571404 -122.18928 

12 37 47.4413147 -122.24831 24 76 47.5722656 -122.32739 
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4. Model Formulation 

In this section, we present the formulation of a mathematical model designed for BEB on-route 

charging station planning. We delve into the details of incorporating Jain's index as a fairness 

measure within the planning framework. The model optimization includes determining the 

optimal placement of charging stations, the number of charging piles at each station, the 

interconnection between bus stations and power grid nodes, and the current flow through power 

lines that connect the bus stations to the power grid. 

 

4.1 Objective Function 

The total planning cost for the on-route charging infrastructure of BEBs is determined by 

considering the costs associated with both the transportation network for constructing the 

facilities and the power grid for integrating the new charging stations. This cost is represented by 

(1), which consists of four components that are summed together. The first three components 

pertain to the investment cost for the charging stations, charging piles, and the power lines 

connecting the charging stations to the power grid. The final component represents the 

operational cost, which accounts for the energy loss in the power grid integrated with on-route 

charging stations. 

min ∑ (𝑓𝑠,𝑚 ⋅ 𝑋𝑚 + 𝑓𝑐,𝑚 ⋅ 𝛽𝑚)

𝑚∈𝑁𝑇

+ ∑  

𝑚∈𝑁𝑇

( ∑ 𝑐𝑖,𝑚 ⋅ 𝛹𝑖,𝑚

𝑖∈𝑁𝐺

)

+ ∑ 𝑇 ⋅ 𝑐𝑒 ⋅ ℓ𝑖𝑗 ⋅ 𝑟𝑖𝑗

ℰ:(𝑖.𝑗)

,

 (1) 

where 𝑓𝑠,𝑚 and 𝑓𝑐,𝑚 stand for the unit cost of charging stations and charging piles at bus station 

m, respectively. The binary decision variable 𝑋𝑚 represents the construction of a charging station 

at bus station m, with 𝑋𝑚 = 1signifying its presence. The integer decision variable 𝛽𝑚 represents 

the number of charging piles installed at bus station m. The cost of constructing the power line 

that connects bus station m to the power grid node i is represented by 𝑐𝑖,𝑚, which is determined 

by the geographical distance between the two nodes. The binary decision variable 𝛹𝑖,𝑚 indicates 

whether the power line has been established, where 𝛹𝑖,𝑚 = 1 signifies that bus station m has 

been successfully integrated into power grid node i. The power loss time in the planning period 

is represented by T, while the electricity price is 𝑐𝑒. ℓ𝑖𝑗 denotes the square of the magnitude of 

the complex current from node i to j after building charging stations, while 𝑟𝑖𝑗 represents the 

resistance of power line (i, j). 

 

4.2 Constraints 

In order for a bus to be charged at bus station m, it is mandatory for a charging station to be 

constructed at that location: 

𝑦𝛼,𝑚 ≤ 𝑋𝑚, ∀𝛼 ∈ Ω𝛼 , ∀𝑚 ∈ 𝑁𝑇 , (2) 
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where 𝑦𝛼,𝑚 is a binary decision variable, and 𝑦𝛼,𝑚 = 1 denotes the bus on route 𝛼 charges at bus 

station m. In addition, it is necessary to construct the charging piles at an established charging 

station, which can be formalized as follows using a Big-M method: 

0 ≤ 𝛽𝑚 ≤ 𝑀 ⋅ 𝑋𝑚, ∀𝑚 ∈ 𝑁𝑇 , (3) 

where M can be considered as the total number of available charging piles to be invested during 

the planning period. 

To avoid any queuing during the limited on-route charging time slots, a practical approach is to 

assign dedicated charging piles for each bus route at shared stations. This strategy ensures 

smooth charging operations and minimizes potential disruptions or delays caused by congested 

charging stations. Therefore, it is necessary to ensure that the number of installed charging piles 

is no less than the number of bus routes assigned to charge at the station: 

∑ 𝑦𝛼,𝑚 ≤ 𝛽𝑚

𝛼∈Ω𝛼

, ∀𝑚 ∈ 𝑁𝑇 . (4) 

In order to establish a functional coupling between the transportation and power network, it is 

imperative to connect bus stations that are selected for installing charging infrastructure to a 

power grid node: 

∑ 𝛹𝑖,𝑚 = 𝑋𝑚

𝑖∈𝑁𝐺

, ∀𝑚 ∈ 𝑁𝑇 . (5) 

Given the requirement for all BEBs to complete their round trips successfully, we consider the 

initial SOC of their batteries, deviating from previous studies [14][36] that assume fully-charged 

batteries at the start. By exploring various levels of initial SOC as BEBs depart from their origin 

stations, we can determine the corresponding optimal scale of on-route charging facilities. As a 

result, we can effectively manage the investment in on-route charging facilities and make 

efficient use of the existing on-base charging stations at the Interim Base. The initial energy of 

the BEBs at the time of departure from the origin station 𝑜𝛼 can be quantified as 𝜃0 ⋅ 𝑢𝛼
𝑏𝑎𝑡, where 

𝜃0 represents the initial SOC of the batteries, and 𝑢𝛼
𝑏𝑎𝑡 denotes the specific battery capacity of 

bus route 𝛼. 

During BEB operation, it is necessary to maintain the battery's SOC within a specific safe range: 

𝑒𝛼,𝑚 ≥ 𝜃𝑙 ⋅ 𝑢𝛼
𝑏𝑎𝑡, ∀𝛼 ∈ Ω𝛼 , ∀𝑚 ∈ 𝑁𝑇 . (6) 

𝑒𝛼,𝑚 + 𝑠𝛼,𝑚 ≤ 𝜃𝑢 ⋅ 𝑢𝛼
𝑏𝑎𝑡,  ∀𝛼 ∈ Ω𝛼, ∀𝑚 ∈ 𝑁𝑇 . (7) 

where 𝜃𝑙and 𝜃𝑢are the lower and upper bounds of the battery capacity of BEBs. 𝑒𝛼,𝑚 and 𝑠𝛼,𝑚 

represent the energy level and the battery's energy supply in BEBs for route 𝛼 at the station m. 

At each bus station, the energy conservation constraint for BEB batteries accounts for the energy 

consumption during travel between stations m and n: 
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𝑒𝛼,𝑛 = 𝑒𝛼,𝑚 + 𝑠𝛼,𝑚 − 𝑒𝛼
0 ⋅ 𝑑𝑚𝑛, ∀𝛼 ∈ Ω𝛼 , ∀(𝑚, 𝑛) ∈ 𝐿𝛼, (8) 

where 𝑒𝛼
0 denotes the average energy consumption of BEBs per unit distance for route 𝛼, which 

depends on the specific BEB model used. The driving distance between stations m and n is 

represented by 𝑑𝑚𝑛. It is worth noting that we consider round-trip routes for each BEB, and the 

bus must satisfy the energy conservation constraint during the completion of its route in both 

directions. 

All BEBs are required to adhere to the predefined operation schedule and cannot spend excessive 

time at a charging station. Therefore, the charging energy must not exceed the maximum 

available energy supply: 

0 ≤ 𝑠𝛼,𝑚 ≤ 𝑃𝛼
𝑒 ⋅ 𝜏𝛼,𝑚 ⋅ 𝑦𝛼,𝑚, ∀𝛼 ∈ Ω𝛼, ∀𝑚 ∈ 𝑁𝑇 , (9) 

where 𝑃𝛼
𝑒 denotes the nominal power of the charging pile for bus route 𝛼, and 𝜏𝛼,𝑚 represents the 

maximum dwelling time for bus route 𝛼 at station m. 

To determine the actual power loss in the power grid after incorporating on-route charging 

stations, we can utilize a branch flow model as described in [37]: 

𝑠𝑗 = ∑ 𝑆𝑗𝑘

𝑘:𝑗→𝑘

− ∑ (𝑆𝑖𝑗 − 𝑧𝑖𝑗ℓ𝑖𝑗)

𝑖:𝑖→𝑗

, ∀(𝑖, 𝑗) ∈ ℰ, (10) 

𝑣𝑗 = 𝑣𝑖 − 2(𝑟𝑖𝑗𝑃𝑖𝑗 + 𝑥𝑖𝑗𝑄𝑖𝑗) + (𝑟𝑖𝑗
2 + 𝑥𝑖𝑗

2 ) ⋅ ℓ𝑖𝑗, ∀(𝑖, 𝑗) ∈ ℰ, (11) 

ℓ𝑖𝑗 =
𝑃𝑖𝑗

2 + 𝑄𝑖𝑗
2

𝑣𝑖
, ∀(𝑖, 𝑗) ∈ ℰ, (12) 

where 𝑠𝑗 represents the power injection at power grid node j. 𝑆𝑖𝑗 denotes the sending-end power 

flow from node i to j, given by 𝑆𝑖𝑗 = 𝑃𝑖𝑗 + 𝒊𝑄𝑖𝑗. 𝑧𝑖𝑗 is the impedance of line (i, j), represented as 

𝑧𝑖𝑗 = 𝑟𝑖𝑗 + 𝒊𝑥𝑖𝑗. ℓ𝑖𝑗 represents the square of the magnitude of the complex current from node i to 

j, while 𝑣𝑗  represents the square of the magnitude of the complex voltage at node j. The 

resistance and reactance of line (i, j) are represented by 𝑟𝑖𝑗 and 𝑥𝑖𝑗, respectively. Furthermore, the 

real power flow from node i to node j is denoted as 𝑃𝑖𝑗, and 𝑄𝑖𝑗 signifies the reactive power flow 

between these nodes. 

The power injection at a power grid node in (10) consists of two components: the charging 

power from integrated on-route charging stations, if applicable, and the original load demand: 

𝑠𝑖 = − ∑  

𝑚∈𝑁𝑇

∑ 𝑃𝛼
𝑒 ⋅ 𝑦𝛼,𝑚 ⋅ 𝛹𝑖,𝑚

𝛼∈Ω𝛼

− 𝑠𝑖
𝑙𝑜𝑎𝑑, ∀𝑖 ∈ 𝑁𝐺 , (13) 

where 𝑠𝑖
𝑙𝑜𝑎𝑑 is the original load demand of power node i. 



 

 

17 

 

For the reliable and safe operation of the power grid after integrating on-route charging stations, 

it is crucial to maintain both the voltage and current within a specific range: 

𝑣𝑖 ≤ 𝑣𝑖 ≤ 𝑣𝑖 , ∀𝑖 ∈ 𝑁𝐺 , (14) 

0 ≤ ℓ𝑖𝑗 ≤ ℓ𝑖𝑗, ∀(𝑖, 𝑗) ∈ ℰ, (15) 

where 𝑣𝑖  and 𝑣𝑖 denote the lower and upper bound of the square of the node voltage, 

respectively. ℓ𝑖𝑗 represents the maximum square of the current in line (i, j). 

Finally, we ensure that all binary and integer decision variables used in the planning model 

satisfy the following conditions: 

𝑋𝑚 ∈ {0,1}, ∀𝑚 ∈ 𝑁𝑇 , (16) 

𝛽𝑚 ∈ ℤ, ∀𝑚 ∈ 𝑁𝑇 , (17) 

𝑦𝛼,𝑚 ∈ {0,1}, ∀𝛼 ∈ Ω𝛼, ∀𝑚 ∈ 𝑁𝑇 , (18) 

𝛹𝑖,𝑚 ∈ {0,1}, ∀𝑖 ∈ 𝑁𝐺 , ∀𝑚 ∈ 𝑁𝑇 . (19) 

 

4.3 Model Relaxation 

In order to make the planning model compatible with commercial solvers like Gurobi and 

CPLEX, certain nonlinear constraints need to be relaxed. The first constraint to be handled with 

is (12) due to its quadratic term. To address this, we adopt the approach proposed by [37] and 

reformulate it as the following second-order cone constraint: 

‖

2𝑃𝑖𝑗

2𝑄𝑖𝑗

ℓ𝑖𝑗 − 𝑣𝑖

‖

2

≤ ℓ𝑖𝑗 + 𝑣𝑖 , ∀(𝑖, 𝑗) ∈ ℰ. (20) 

Another non-linearity lies in (13), which involves the product of two binary decision variables 

𝑦𝛼,𝑚 and 𝛹𝑖,𝑚. We introduce an auxiliary variable 𝑌𝛼,𝑚,𝑖 to replace the product. Constraint (13) is 

then reformulated as follows: 

𝑠𝑖 = − ∑  

𝑚∈𝑁𝑇

∑ 𝑃𝛼
𝑒 ⋅ 𝑌𝛼,𝑚,𝑖 − 𝑠𝑖

𝑙𝑜𝑎𝑑 ,

𝛼∈Ω𝛼

 ∀𝑖 ∈ 𝑁𝐺 . (21) 

To ensure the consistency between the auxiliary variable 𝑌𝛼,𝑚,𝑖 and the product of 𝑦𝛼,𝑚 and 𝛹𝑖,𝑚, 

we introduce additional constraints: 

𝑌𝛼,𝑚,𝑖 ≤ 𝑦𝛼,𝑚, ∀𝛼 ∈ Ω𝛼, ∀𝑚 ∈ 𝑁𝑇 , ∀𝑖 ∈ 𝑁𝐺 , (22) 
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𝑌𝛼,𝑚,𝑖 ≤ 𝛹𝑖,𝑚, ∀𝛼 ∈ Ω𝛼 , ∀𝑚 ∈ 𝑁𝑇 , ∀𝑖 ∈ 𝑁𝐺 , (23) 

𝑌𝛼,𝑚,𝑖 ≥ 𝑦𝛼,𝑚 + 𝛹𝑖,𝑚 − 1, ∀𝛼 ∈ Ω𝛼 , ∀𝑚 ∈ 𝑁𝑇 , ∀𝑖 ∈ 𝑁𝐺 , (24) 

𝑌𝛼,𝑚,𝑖 ∈ {0,1}, ∀𝛼 ∈ Ω𝛼 , ∀𝑚 ∈ 𝑁𝑇 , ∀𝑖 ∈ 𝑁𝐺 . (25) 

Consequently, the entire planning model is reformulated as a MISOCP problem: 

𝑚𝑖𝑛 ∑ (𝑓𝑠,𝑚 ⋅ 𝑋𝑚 + 𝑓𝑐,𝑚 ⋅ 𝛽𝑚)

𝑚∈𝑁𝑇

+ ∑  

𝑚∈𝑁𝑇

∑ 𝑐𝑖,𝑚 ⋅ 𝛹𝑖,𝑚

𝑖∈𝑁𝐺

+ ∑ 𝑇 ⋅ 𝑐𝑒 ⋅ ℓ𝑖𝑗

ℰ:(𝑖.𝑗)

⋅ 𝑟𝑖𝑗 

s.t. (2) − (11), (14) − (25). 

(26) 

 

5. Fairness Measures 

In our model, we utilize Jain's index [38] as a measure of fairness in the planning of on-route 

charging stations for BEBs. Jain's index possesses several desirable properties, including 

population size independence, scale and metric independence, boundedness, and continuity. If 

we divide the planning area in South King County into H areas and assign an allocation of 𝑤ℎ to 

the hth area, then the expression for Jain's index can be given as follows: 

𝑓(𝑤) =
(∑ 𝑤ℎ

𝐻
ℎ=1 )2

𝐻 ∑ 𝑤ℎ
2𝐻

ℎ=1

 (27) 

To determine the fairness index 𝑤ℎ in our planning model, we must consider the impact of a 

zero-emission fleet on the residents of King County. A viable approach to establishing such a 

fairness index would be to consider the proportion of BEB routes within a specific area relative 

to all bus routes. To explicitly express the fairness index as a percentage of BEB routes in our 

planning model, we introduce a new binary decision variable 𝐼𝛼. Here, 𝐼𝛼 = 1 indicates that bus 

route 𝛼 is selected as a BEB route. Once all directed links (𝑚, 𝑛) ∈ 𝐿 are assigned to the H areas, 

we define 𝐿𝐴
ℎ  as the set of all links in the hth area. Consequently, we have the following 

relationship: 

𝑤ℎ =
∑  𝛼∈Ω𝛼

∑ 𝑑𝑚𝑛 ⋅ 𝐼𝛼𝐿:(𝑚,𝑛)∈𝐿𝐴
ℎ ∩𝐿𝛼

∑ 𝑑𝑚𝑛𝐿:(𝑚,𝑛)∈𝐿𝐴
ℎ

, ∀ℎ = 1, … , 𝐻. (28) 

Considering the bounded nature of Jain's index as defined in (27), we can observe that 𝑓(𝑤) 

satisfies the inequality 1/H ≤ 𝑓(𝑤) ≤ 1. As the value of 𝑓(𝑤) increases, the fairness level also 

increases, reaching maximum fairness when 𝑓(𝑤) = 1 (100% fair). To ensure a desired fairness 

level, we introduce a constraint as follows: 

𝑓(𝑤) =
(∑ 𝑤ℎ

𝐻
ℎ=1 )2

𝐻 ∑ 𝑤ℎ
2𝐻

ℎ=1

≥ 𝜂, (29) 
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where 𝜂 denotes a predetermined fairness level of the planning result, constrained to be between 

1/H and 1. 

This inequality constraint can be further rewritten as a second-order cone constraint: 

‖

𝑤1

⋮
𝑤𝐻

‖

2

≤ ∑  

𝐻

ℎ=1

√
1

𝐻 ⋅ 𝜂
𝑤ℎ. (30) 

The introduction of 𝐼𝛼 necessitates the reformulation of certain constraints in the section of 

Constraints. First, it enables us to quantify the initial energy 𝑒𝛼,𝑜𝛼
 saved in all BEB batteries as 

below: 

𝑒𝛼,𝑜𝛼
= 𝜃0 ⋅ 𝑢𝛼

𝑏𝑎𝑡 ⋅ 𝐼𝛼 , ∀𝛼 ∈ Ω𝛼. (31) 

In a similar fashion, we can redefine constraints (6)-(8) as follows: 

𝑒𝛼,𝑚 ≥ 𝜃𝑙 ⋅ 𝑢𝛼
𝑏𝑎𝑡 ⋅ 𝐼𝛼 , ∀𝛼 ∈ Ω𝛼, ∀𝑚 ∈ 𝑁𝑇 , (32) 

𝑒𝛼,𝑚 + 𝑠𝛼,𝑚 ≤ 𝜃𝑢 ⋅ 𝑢𝛼
𝑏𝑎𝑡 ⋅ 𝐼𝛼 , ∀𝛼 ∈ Ω𝛼, ∀𝑚 ∈ 𝑁𝑇 , (33) 

𝑒𝛼,𝑛 = 𝑒𝛼,𝑚 + 𝑠𝛼,𝑚 − 𝑒0 ⋅ 𝑑𝑚𝑛 ⋅ 𝐼𝛼, ∀𝛼 ∈ Ω𝛼, ∀(𝑚, 𝑛) ∈ 𝐿𝛼. (34) 

Regarding BEB routes, when 𝐼𝛼 = 1, constraints (32)-(34) are equivalent to (6)-(8). On the other 

hand, for non-BEB routes where 𝐼𝛼 = 0, we have 𝑒𝛼,𝑜𝛼
= 𝑒𝛼,𝑚 = 𝑠𝛼,𝑚 = 0. 

Furthermore, additional constraints need to be incorporated to account for the new decision 

variable 𝐼𝛼, which ensures that buses can only charge if their routes are designated for BEBs: 

𝑦𝛼,𝑚 ≤ 𝐼𝛼, ∀𝛼 ∈ Ω𝛼 , ∀𝑚 ∈ 𝑁𝑇 . (35) 

And if a bus on route 𝛼 never undergoes charging, it indicates that the route is not intended for 

BEBs. 

𝐼𝛼 ≤ ∑ 𝑦𝛼,𝑚

𝑚∈𝑁𝑇

, ∀𝛼 ∈ Ω𝛼. (36) 

Considering the budget limitations associated with constructing on-route charging facilities, we 

impose an upper limit on the number of BEB routes: 

∑ 𝐼𝛼

𝛼∈Ω𝛼

≤ 𝐼max, (37) 

where 𝐼max represents the maximal number of BEB routes to be invested in the planning period. 

And we introduce the following binary constraint: 
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𝐼𝛼 ∈ {0,1}, ∀𝛼 ∈ Ω𝛼. (38) 

As a result, the model formulation that takes fairness measurement into consideration remains a 

MISOCP problem: 

𝑚𝑖𝑛 ∑ (𝑓𝑠,𝑚 ⋅ 𝑋𝑚 + 𝑓𝑐,𝑚 ⋅ 𝛽𝑚)

𝑚∈𝑁𝑇

+ ∑  

𝑚∈𝑁𝑇

∑ 𝑐𝑖,𝑚 ⋅ 𝛹𝑖,𝑚

𝑖∈𝑁𝐺

+ ∑ 𝑇 ⋅ 𝑐𝑒 ⋅ ℓ𝑖𝑗

ℰ:(𝑖.𝑗)

⋅ 𝑟𝑖𝑗 

s.t. (2) − (5), (9) − (11), (14) − (25), (28), (30) − (38). 

(39) 

 

 

 

 

  



 

 

21 

 

6. Planning Results 

 

6.1 Planning Results without Fairness 

Assuming a 10-year planning period, we begin by solving the planning model (26) without 

incorporating any fairness constraints. Table 2 provides information on the frequency of on-route 

charging required to sustain the round trips for all 15 bus routes. The table illustrates that as the 

initial SOC of the BEB batteries increases, the overall number of required charging sessions 

decreases. Notably, once the initial SOC exceeds 50%, all BEBs are capable of completing their 

round trips without the need for on-route charging. This finding highlights the importance of 

ensuring that BEBs are charged to adequate SOC levels prior to departure, which can help optimize 

their operational efficiency and minimize the need for additional charging infrastructure. 

 

Table 2  On-Route Charging Frequency per Round-Trip for Each Bus 

Route at Different Departure SOC 

Route 
Round-trip 

Length (mile) 

Charge Power 

(kW) 

Initial SOC 𝜃0 

0.1 0.2 0.3 0.4 >=0.5 

22 13.82 150 1 0 0 0 0 

101 28.28 200 3 2 0 0 0 

102 47.81 200 5 4 2 1 0 

111 52.34 200 5 4 3 1 0 

150 44.18 200 5 3 2 0 0 

153 16.37 150 2 1 0 0 0 

156 25.04 150 2 1 0 0 0 

168 24.35 150 2 1 0 0 0 

177 48.66 200 5 4 2 1 0 

181 30.08 150 2 1 0 0 0 

182 15.10 150 1 0 0 0 0 

183 21.79 150 2 1 0 0 0 

187 11.81 150 1 0 0 0 0 

190 41.79 200 4 3 2 0 0 

193 50.62 200 5 4 2 1 0 

 

Table 3 presents the planning results for initial SOC values ranging from 0.1 to 0.4, considering 

that on-route charging is no longer needed for the 15 BEBs when their initial SOC reaches or 

exceeds 50%. The table demonstrates that increasing the initial SOC leads to a decrease in the total 

planning cost. This reduction can be attributed to the decreased charging demand resulting from a 

higher initial SOC, which in turn reduces the investment required for charging stations and piles. 

Additionally, the cost of power line investment decreases consistently as the length of power lines 

depends on the number of charging stations and the distance between the stations and the power 

nodes in which they are integrated. When 𝜃0 = 0.4, the power line investment becomes zero 

because the three charging stations are built directly on the power nodes, eliminating the need for 
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extra power lines to connect the stations to the power grid. Moreover, the cost of power loss 

declines steadily with increasing 𝜃0, reflecting the fact that BEBs with adequate SOC require less 

electric power, resulting in lower current flow in the power lines and reduced power loss. 

 

Table 3  Summary of Planning Results without Fairness Consideration 

When Initial SOC Ranges from 0.1 to 0.4 

Planning Metric 𝜃0 = 0.1 𝜃0 = 0.2 𝜃0 = 0.3 𝜃0 = 0.4 

Number of stations 27 14 7 3 

Number of piles 45 29 13 4 

Total cost $10,118,392 $4,329,727 $2,033,864 $926,386 

Charging station investment $5,400,000 $2,800,000 $1,400,000 $600,000 

Charging pile investment $1,125,000 $725,000 $325,000 $100,000 

Power line investment $3,156,620 $463,221 $62,508 $0 

Power loss cost $436,772 $341,506 $246,356 $226,386 

 

 
Figure 4  Optimal placement and charging pile allocation result of charging 

stations without fairness consideration. 

Figure 4 displays the siting and sizing outcomes of on-route fast charging stations, represented by 

the transportation node ID and the number of charging piles installed at each station. Since each 

bus route has its dedicated charging piles, we can determine the number of bus routes being 
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charged at each station by counting the corresponding charging piles. When 𝜃0 = 0.1, all origin 

stations of the 15 identified BEBs are included in these 27 charging stations. Notably, 

transportation node 83 situated in the Industrial District (SODO Busway & S Royal Brougham 

Way) hosts the highest number of BEB routes that charge here, totaling 4 routes. This node serves 

as an on-route bus stop for 5 BEB routes, which is consistent with selection rule 1) that designates 

common stops. Additionally, among the nodes with three charging piles, nodes 4 and 9 are origin 

stations for two bus routes each, while nodes 21 and 77 serve for no fewer than 3 bus routes. 

When 𝜃0 = 0.2 , only one origin station for route 153, located at node 31, still requires the 

construction of charging stations. However, as 𝜃0  increases to 0.3 and 0.4, none of the origin 

stations require charging stations since the BEBs have enough energy to run the first few stops 

while maintaining a safe SOC. With a larger initial SOC, the number of charging stations decrease 

evidently which aligns with the findings in Table 3. From 𝜃0 = 0.2 to 0.4, the number of BEB 

routes requiring on-route charging decreases. At 𝜃0 = 0.4 , only four routes require on-route 

charging, as confirmed by the data in Table 2. The nodes with the most charging piles built between 

𝜃0 = 0.2 and 0.4 are common stops, including nodes 54, 77, 83, and 10. This highlights the 

importance of building on-route charging stations at stops that serve multiple routes and further 

validates the effectiveness of selection rule 1) in forming the coupled network. 

 

6.2 Planning Results with Fairness Consideration 

In this section, we will maintain the assumption of a 10-year planning period. However, we will 

now incorporate the fairness measurement (30) into the planning model, as represented by (39). 

Notably, a maximum of 5 BEB routes 𝐼max = 5), which is one-third of the total bus routes, will be 

selected for investment. To include all 15 bus routes as candidate BEB routes, we will set the initial 

SOC to 0.1 based on the information provided in Table 2. This approach will enable us to evaluate 

both the horizontal equity of the BEB route ratio across the population-based merged subareas and 

the vertical equity within the bus-commuter-based merged subareas. 

 

Table 4  Summary of Planning Results Considering Horizontal Equity with 

a Maximum Number of BEB Routes 𝑰max = 𝟓 

Planning Metric 𝜂 = 0 𝜂 = 0.9 𝜂 = 0.95 𝜂 = 0.99 

Objective $2,002,226 $2,002,226 $2,166,931 $2,879,586 

Number of stations 7 7 7 10 

Number of piles 8 8 8 11 

Station investment $1,400,000 $1,400,000 $1,400,000 $2,000,000 

Pile investment $200,000 $200,000 $200,000 $275,000 

Power line investment $142,253 $142,253 $307,758 $340,780 

Power loss cost $259,973 $259,973 $259,173 $263,806 

Fairness index 0.915800 0.915800 0.959993 0.992838 

BEB route ID 
['182' '187' '168' 

'153' '22'] 

['182' '187' '168' 

'153' '22'] 

['187' '168' '183' 

'153' '22'] 

['182' '168' '153' 

'22' '190'] 
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Table 4 presents the planning results of the horizontal equity analysis across four subareas 

merged based on the population feature. The fairness level 𝜂 ranges from 0 to 0.99, with a value 

of 0 renderings (30) invalid. In such cases, the initial fairness index f(w) is computed, prioritizing 

the minimization of the total planning cost. As the value of 𝜂 increases, a stricter rule is imposed 

on the equitable distribution of BEB routes among the four subareas. Figure 5 illustrates the 

allocation of these five BEB routes when 𝜂 = 0.99, demonstrating a similar proportion of BEB 

routes to all bus routes in each subarea. 

 
Figure 5  Planning results reflecting the highest level of horizontal equity 

across 4 subareas. 

Without considering (30), the initial fairness index achieved through the most cost-effective 

planning scheme is 0.915800, surpassing the fairness level of 0.9. Therefore, we observe that the 

planning results are identical for fairness levels of 0 and 0.9 in Table 4. However, as the fairness 

level increases to 0.95, we observe a corresponding rise in the planning cost, primarily due to 

increased power line investment expenses. This adjustment is necessary to ensure a higher level 

of fairness, leading to a reconsideration of the five BEB route IDs. Specifically, from fairness 

levels of 0.9 to 0.95, route 183 replaces route 182 as one of the BEB routes to be invested in. 
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At a fairness level of 0.99, the planning model requires three additional charging stations and 

three more charging piles to accommodate the replacement of routes 187 and 183 with routes 

182 and 190 as BEB routes. This expansion of the charging infrastructure leads to increased 

costs in both power line investments and power loss. The planning model prioritizes fairness by 

selecting bus routes with higher on-route charging demand to be included as BEB routes, even if 

it results in higher planning costs. These findings underscore the inherent trade-off between 

equity and economic efficiency in the planning process. While striving for an equitable 

distribution of BEB routes, compromises need to be made in terms of increased economic 

expenses. 

Similarly, we solve (39) again and present the planning results in Table 5. Notably, the planning 

metrics for 𝜂 = 0 in Table 5 and Table 4 are nearly identical, with only slight variations in the 

calculated fairness index due to the utilization of different subareas. Within the bus-commuter-

based merged subareas, the initial fairness index is 0.687317, which falls below the threshold of 

0.9. Consequently, the planning outcomes for fairness levels of 0 and 0.9 are no longer the same. 

 

Table 5  Summary of Planning Results Considering Vertical Equity with a 

Maximum Number of BEB Routes 𝑰max = 𝟓 

Planning Metric 𝜂 = 0 𝜂 = 0.9 𝜂 = 0.95 𝜂 = 0.99 

Objective $2,002,226 $2,403,729 $2,825,122 $2,960,454 

Number of stations 7 8 8 11 

Number of piles 8 9 9 12 

Station investment $1,400,000 $1,600,000 $1,600,000 $2,200,000 

Pile investment $200,000 $225,000 $225,000 $300,000 

Power line investment $142,253 $307,758 $729,021 $182,242 

Power loss cost $259,973 $270,972 $271,101 $278,212 

Fairness index 0.687317 0.901361 0.986707 0.996923 

BEB route ID 
['182' '187' '168' 

'153' '22'] 

['182' '187' '168' 

'183' '153'] 

['181' '182' '187' 

'183' '153'] 

['182' '187' '168' 

'177' '153'] 

 

As the fairness level increases from 0 to 0.9, there is a corresponding increase in the planning 

cost, and an additional charging station is required when 𝜂 = 0.9. This adjustment involves 

replacing route 22 with route 183. When 𝜂 further increases to 0.95, the investment cost in 

charging infrastructure remains relatively stable, but there is a significant rise in power line 

investment. This change can be attributed to the altered locations of the charging stations. 

Interestingly, at 𝜂 = 0.99, although three additional charging stations must be constructed, there 

is a reduction in the investment required for power lines. This is due to the decreased total 

distance between the charging stations and the power grid nodes. However, the increase in both 

power loss costs and investment in charging infrastructure outweighs the savings achieved, 

leading to the highest planning cost when 𝜂 = 0.99. 
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Figure 6  Planning results reflecting the highest level of vertical equity 

across 3 subareas. 

The distribution of the five BEB routes and the locations of their charging stations within the 

three bus-commuter-based merged subareas are visualized in Figure 6 for a fairness level of 𝜂 =
0.99. Comparing this figure with Figure 5, we can observe that routes 22 and 190 from Figure 5 

have been replaced by routes 187 and 177 in Figure 6. This adjustment from horizontal equity to 

vertical equity results in longer BEB routes (as indicated in Table 2) primarily located in the 

western portion of the census tracts. 

This observation suggests that residents in the western region have a higher reliance on bus 

transportation, which aligns with the actual transportation landscape. In contrast, the eastern part 

of King County shows a scarcity of bus routes, indicating that residents in this area must rely on 

alternative transportation methods, such as household cars, to fulfill their commuting needs. 
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7. Conclusions and Policy Implications 

 

A coupled power and transportation network framework is established for the planning of on-route 

charging infrastructure for BEBs. By integrating charging stations into both networks, we consider 

not only the investment cost of charging stations and charging piles but also additional investment 

in power lines and increased power loss costs in the power grid. These costs are minimized through 

the utilization of MISOCP. Additionally, we introduce fairness measurements into the planning 

results using Jain's index, which aligns well with the MISOCP model. This allows decision-makers 

to customize the level of fairness implemented during different phases of fleet electrification. All 

experiments in this study were conducted in South King County, a region recognized for being at 

the forefront of full electrification efforts. This area has been significantly impacted by air 

pollution, making it a pertinent location for our research. 

 

Without fairness measurements, we compare the planning results under different levels of battery 

SOC when BEBs depart from origin stations. This analysis assists decision-makers in predicting 

the need for additional on-route charging infrastructure based on the current on-base charging 

station condition. Our siting and sizing results indicate that, regardless of the initial SOC of BEB 

batteries, on-route charging stations are more likely to be located at stops serving multiple routes. 

 

Furthermore, we incorporate a fairness measurement by imposing the fairness constraint in the 

planning model. By merging census tracts that intersect with bus routes into distinct subareas based 

on two tract features - the resident population and the population of bus commuters - we are able 

to measure both horizontal and vertical equity in the planning results. Comparing the planning 

outcomes under different fairness levels, we observe that a greater emphasis on fairness in the 

distribution of BEB routes among subareas results in higher planning costs. This information offers 

valuable insights to decision-makers on how to strike a balance between equity and economic 

efficiency in fleet electrification planning. 

 

Our framework, which leverages the existing bus route map to create a virtual power network, has 

the potential to be applied to transportation systems in other cities. Additionally, our MISOCP 

model and fairness measurements provide practical guidance for allocating budgets and promoting 

social justice during the step-by-step electrification of bus fleets. In future research, we aim to 

extend the application of this planning model to larger transit systems and investigate acceleration 

algorithms to enhance its computational efficiency. 
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